ON THE OPPOSITE OF THE CATEGORY OF RINGS 



RICHARD VALE 

Abstract. For every ring i?, we construct a ringed space NCSpec{R) and for every ring 
ho„„„,phi.„ « ^ 5, a „,phi.„ of ringed .pace. iVCSpee(S, - iVCSp„(«). We 

, show that this gives a fully faithful contravariant functor from the category of rings to a 

(N ■ 

category of ringed spaces. If i? is a commutative ring, we show that NCSpec{R) can be 
D ' viewed as a natural completion of Spec(i?). We then explain how the spaces A^CSpec(i?) 



00 
00 

< 



(N 



may be glued, and study quasicoherent sheaves on them. As an example, we compute the 
category of quasicoherent sheaves on a space constructed from a skew-polynomial ring R by 
an analogue of the Proj construction. 



1. Introduction 

A ringed space is a topological space X equipped with a sheaf of rings. It is a well-known 
^ ! fact from algebraic geometry that the category of commutative rings can be identified with a 



category of ringed spaces. More precisely, there is a contravariant functor from the category 

of commutative rings to the category of ringed spaces, which associates to a ring R its prime 
\0 ; 

O I spectrum Spec(i?) equipped with the structure sheaf O. This functor is faithful. The spaces 
OO . 

O ■ (Spec(-R), O) are called affine schemes. The notion of affine scheme first appeared in |Gro60] 

- ^ . and other expositions may be found in [Sha94l Chapter V] , |Har77j and [EHOOj . The aim 

XI ■ 

H I of the present paper is to make a similar construction for rings which are not necessarily 



commutative. 

2. Conventions 
Here we list some conventions which will be used in this paper. 

. We denote by Rings the category of all unital rings including the zero ring. That is, all 

the rings R which we consider have an identity element Ir satisfying xIr = Irx = x for all 

X G -R. The zero ring has only one element 0, and its identity element is Iq = 0. We require 
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ring homomorphisms to preserve the identity elements. Thus, the zero ring is a final object 
in the category Rings, and if R is not the zero ring, then there is no homomorphism — > i?. 

Definition 2.1. Let R be a ring. An element x & R is a unit if there exists y E R with 
yx = xy = 1r. 

Note that is a unit in the zero ring. Note also that if 6 : R S is a ring homomorphism 
and u E R is a unit, then 6{u) is a unit in 5*. 

2.1. Ringed spaces. As in algebraic geometry, we consider topological spaces with sheaves 
of rings on them. 

Definition 2.2. If X is a topological space then we denote by Q{X) the collection of all open 
subsets of X . We regard fl{X) as a poset ordered by inclusion, and hence also as a category. 

Definition 2.3. A sheaf of rings on a topological space X is a functor —>■ Rings 

satisfying the sheaf axioms. (For the sheaf axioms, see |Sha94l V.2].^ 

Definition 2.4. A ringed space is a pair {X, Ox) consisting of a topological space X together 
with a sheaf of rings Ox on X . 

A morphism {X, Ox) (X, Oy) of ringed spaces is a pair (0, 0*) where (p : X ^ Y is a 
continuous function and 0* : Oy 4'*Ox is a morphism of sheaves of rings on Y . 

We denote the category of ringed spaces by RingedSp. 

Notice that our definition of ringed space differs from the usual one in algebraic geometry, 
in which the rings are assumed to be commutative. We wish to allow noncommutative rings. 
We are now ready to state our aim more precisely. 

3. Aim 

We wish to construct a faithful functor Rings"^ RingedSp. In other words, we want 
to associate to each ring R a ringed space NCSpec{R) in a functorial way. There is one very 
easy solution to this problem, namely for each ring R, take a one-point space with the sheaf 
whose sections over the unique nonempty open set are R. However, such a construction 
would not be very interesting. We therefore also wish our construction to coincide with 
Spec(i?) when R happens to be a commutative ring. We are not able to achieve this, but 
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we will show that when R is commutative, Spec(i?) embeds naturally in the complement of 
the generic point in A^CSpec(-R) as a dense subspace. 

The structure of this paper is as follows. In Section HJ we describe various functorial 
properties of the localization of a ring i? at a subset A d which is defined via a universal 
property. We put the localizations at finite subsets together to obtain a partially ordered 
set L{R) from a ring R. In Section [5l we equip L{R) with a topology and a sheaf of rings. 
In Section [6l we recall the soberification construction from topology. The soberification of 
L{R) inherits a sheaf of rings from L{R), and this is the space which we call A^CSpec(i?). 
In Section [71 we prove our main theorem, Theorem 17.71 which says that A^CSpec is a fully 
faithful functor from Rings"^ to a subcategory of RingedSp which we describe. In Section 
m we explain how Spec(i?) embeds naturally in A^CSpec(-R) when R is commutative, and we 
show that NCSpec{R) may be viewed as a certain completion of Spec{R) in a category of 
based To-spaces. We then give some examples in Section [91 In Section [TOl we explain how the 
spaces A^CSpec(-R) may be glued along Ore localizations and define quasicoherent sheaves 
on them. After some calculations, we show in Proposition 110.141 as an example, that the 
category of left quasicoherent sheaves on a space constructed from the skew-polynomial ring 
R = Cx[xi, . . . ,Xn] is equivalent to the category of graded left i?-modules modulo torsion. 
Finally, in Section [Til "we discuss how our definition of A^CSpec(i?) may be related to earlier 
notions defined by other authors. 

3.1. Acknowledgements. The author wishes to thank Sefi Ladkani for providing useful 
information on the Alexandrov topology and sheaves. The author wishes to thank Yuri 
Berest, Greg MuUer, Michael Wemyss and Geordie Williamson for valuable comments. 

4. Localization 

Our constructions use the technique of noncommutative localization of a ring. In this 
section, we collect the definition and basic properties of this construction. 

Definition 4.1. Let R be a ring and let A be a subset of R. A localization of R at A consists 
of a ring loc{R, A) together with a ring homomorphism ua '■ R ^ loc{R, A) such that ayi(a) 
is a unit for all a & A and such that the following universal property holds. 
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If 6 : R S is a ring homomorphism such that 6{a) is a unit for all a & A, then there 
exists a unique ring homomorphism 6' : loc{R, A) S such that the following diagram 
commutes. 




S 



For every ring R and every subset A of R, the ring loc{R, A) exists, by |Coh06t Theorem 
2.1]. It may be constructed by adjoining elements {ta : a G A} to R, and quotienting the 
resulting ring by the relations ata = taa = 1 for all a ^ A. The ring loc{R, A) can of course 
be zero. For example, for any ring R, if A = {0} then loc{R, A) = 0. Or if i? = M„ (C) and 
X G -R is a singular matrix then loc{R, {x}) = (see Example 19. 3p . As a matter of notation, 
we will often write loc{R, x) instead of loc{R, {x}) when we are localizing at a single element. 

In general loc{R, A) is diffcult to calculate explicitly. However, it has very nice functorial 
properties which we now list. 

Proposition 4.2. For any ring R and any subset E G R, the ring homomorphism Ue '■ R 
loc{R, E) is epic in the category of rings (meaning that ifT is a ring and /, g : loc{R, E) -^T 
are ring homomorphisms with fcxE = gcxE then f = g). 

Proof. The proposition follows immediately from the uniqueness of the map loc{R, E) T 
given by the universal property. □ 

Definition 4.3. Let R be a ring. If A and B are subsets of R then we write A ^ B to mean 
that a_B(a) is a unit in loc{R, B) for all a G A. 

The relation ^ is well-defined because loc{R, B) is unique up to canonical isomorphism, 
since it is defined via a universal property. 

Proposition 4.4. Let R be a ring. Suppose A and B are subsets of R and A ^ B. Then 

there is a unique ring homomorphism ps a '■ loc{R,A) loc{R,B) making the following 
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diagram commute. 



loc{R, A) 



PBA 



loc{R, B) 



OiA \ OtB 

R 

For all A, paa is the identity loc{R, A) — > loc{R, A). If Az< B and B z^C then Az<C and 

PC A = PC BP B A- 

Proof. \{ A ^ B then pba exists by the universal property of loc{R,B). Since the identity 
homomorphism satisfies the definition of Paa, "we get that Paa must be the identity. 
li A :< B and B then the two triangles in the following diagram commute. 



loc{R, A) ^ loc{R, B) ^ loc{R, C) 




If a e A then ac{a) = PcB<^B{ci) = PcBPBAO^Aici) which is a unit in loc{R, C) since ring ho- 
momorphisms take units to units. Therefore A ^ C and there is a unique ring homomorphism 
PC A ■ loc{R, A) loc{R, C) satisfying ac = PcaO-a- By uniqueness, pcA = PcbPba- □ 

Proposition 4.5. Let 9 : R ^ S be a ring homomorphism and let A be a subset of R. 
Let ao(^A) '■ S — > loc{S,9{A)) be the localization of S at the subset 0{A). Then there is a 
unique ring homomorphism 9a '■ loc{R,A) — > loc{S,9{A)) such that the following diagram 
commutes. 



R 



CIA 



loc{R, A) 



Oa 



loc{S,9{A)) 



Proof. For all a G A, ae{A){9{(i)) = {<^e{A)9){a) is a unit in loc{S,9{A)). Therefore, a unique 
such 9a exists by the universal property of loc{R, A) . □ 
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Proposition 4.6. Let R be a ring and let A B he subsets of R. Let 9 : R ^ S be a ring 
homomorphism. Then 0{A) d{B) and the following diagram commutes. 



loc{R, A) 

Pba 

loc{R, B) 



Oa 



loc{S,9{A)) 

Pe(B)e(A) 

loc{S, 9{B)) 



Furthermore, the above diagram is a pushout in the category of rings. 



Proof. Consider the following commutative diagram. 



loc{R, A) 



0A 



loc{S,9{A)) 



PBA 



"A 



as 



R 




loc{R, B) 



loc{S,e{B)) 



If a e ^4, then Q;e(B)(^(a)) — ObPbaO!.a{o) is a unit, so 0{A) -< 9{B) and there exists a unique 
Pe{B)e{A) making the right hand triangle in the diagram commute. 



loc{R, A) 



Oa 



loc{S, 0{A)) 



PBA 



O.A 



O-B 



R 




Pe{B)e{A) 



loc{R, B) 



loc{S,0{B)) 



We wish to show that the outer square commutes. But Q;6)(B)(^(a)) is a unit for all a e 
A, and therefore there exists a unique 7 : loc{R,A) — > loc{S,9{B)) with ae{B)0 — ^ola- 
Commutativity of the triangles and the two small squares implies that both QbPba and 

Pe{B)e(A)0A satisfy the defining property of 7 and therefore ObPba = Pe{B)e{A)0A, as required. 
Now we wish to show that the given diagram is a pushout. Suppose wc are given a ring T 

and ring homomorphisms A : loc{S, 0(A)) —>■ T and /i : loc{R, B) ^ T such that /ipba — A^a- 
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Then consider the diagram 



loc{R, A) 



Pba 



0A 



loc{S,9{A)) 



loc{R, B 




If b E B then Xag(^A)9{b) = X9AaA{b) = fipBAC(A{b) = iiasih) is a unit in T. So there exists 
a unique p : loc{S,d{B)) T with pae{B) = Xae(A)- Now, ppe{B)e{A)ae{A) = pae{B) = Aae(A) 
and so ppe{B)e{A) = by Proposition I4.2[ Also, p9bo:b = pcie{B)(^ = ^C(e{A)0 = ^^ac^a = 
ppBACtA = pctB, and so p9b = p hj Proposition I4.2[ 
Therefore, the following diagram commutes. 



loc{R, A) 

Pba 

loc{R, B) 



0A 



- loc{S,9{A)) 

Pe(B)e(A) 

- loc{S,9{B)) 




It remains to show that p is unique. If p' : loc{S, 9{B)) — T is another ring homomorphism 
making the diagram commute, then p'ag(^B) = p'Pe{B)e{A)C(e{A) = ^C(e{A) = pc(e(B)- Therefore 
p = p' hj Proposition 14.21 □ 

Now we explain how to put the various localizations loc{R, A) together to make an ordered 
set. Recall that a preorder on a set is a reflexive, transitive binary relation. 

Definition 4.7. Let R be a ring. We denote by Lq{R) the set of all finite subsets of R. 

Lemma 4.8. The relation A ^ B of Definition \4.3\ is a preorder on Lq{R). 



Proof. Follows from Proposition 14.41 



□ 



It is a standard fact (which is easy to check) that any preorder ^ on a set X defines 
an equivalence relation ~ via a ~ 6 if and only if a ^ 6 and b ^ a, and that the set of 
equivalence classes {[a] : a G X} becomes a partially ordered set (poset) under the ordering 
[a] < [b] if and only if a ^ 6. 

Definition 4.9. Let R be a ring. We denote by {L{R),<) the poset of equivalence classes 
Lq{R)/ ~, with the partial order < induced by the preorder ^. 
We will usually denote the equivalence class of A E Lq{R) by Ra- 

Although the symbol Ra does not denote a ring, the notation is supposed to be reminiscent 
of the notation often used for localizations of commutative rings. So for example if R is 
commutative and f E R then R{f} = R{p} etc. 

Before proceeding, we note here one useful property of the ordering on L{R). 

Definition 4.10. // {X, <) is a poset and a,b E X then a join of a and b is a least upper 
bound for a and b. The poset X is called a join semilattice if every pair of elements of X 
have a join. 

Proposition 4.11. Let R be a ring. Then {L{R),<) is a join semilattice. 

Proof. Let Ra and Rb he two equivalence classes in L{R) with equivalence class representa- 
tives A,Be Lq{R) respectively. Then AU B E Lq{R), and a^uB(o) and aAvjBip) are units 
in loc{R,A U B) for all a G A and all b E B. Therefore, Ra < Raub and Rb < Raub- 
Furthermore, if Ra < Rc and Rb < Rc then ac{a) and ac{b) are units in loc{R, C) for all 
a E A and all b E B. Therefore, ac{x) is a unit in loc{R, C) for all x E AU B and hence 
Raub < Rc- So -Raub is the join of Ra and Rb- □ 

Notice that the proof of Proposition 14 . 11 1 shows that Raub is well-defined, independent of 
the choice of equivalence class representatives A and B. 

We refer to L{R) with its ordering < as the localization semilattice of R. We now explain 
how to make L{R) into a ringed space. 

5. The Alexandrov topology 

We make L{R) into a ringed space by giving it the most obvious topology and then defining 
a sheaf of rings on this topology in a tautological way. We caution the reader that the space 
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constructed in this section is not NCSpec{R). The ringed space we are about to define is, 
however, a necessary stepping-stone in the construction of A^CSpec(i?). 

Definition 5.1. Let {X,<) be a poset. A subset U of X is called an upper set if for all 
a,b ^ X , if a E U and a < b then b E U. The Alexandrov topology on X is the topology 
whose open sets are the upper sets. 

If X is a poset and a E X then we denote by Ua the set {b E X : b > a}. It is easy to 
check that the Alexandrov topology really is a topology on X, and that the Ua form a base 
of open sets of X. The Alexandrov topology is always Tq (meaning that for any two points 
a,b E X, there exists an open set containing one of a, b but not the other). If {X, <x) and 
{Y, <y) are posets, then a function f : X —>■ Y is continuous for the Alexandrov topology if 
and only if it is order-preserving (meaning by definition that for all x,y E X , x <x y implies 
f{x) <y f{y)). 

We note here a property of basic open sets in the Alexandrov topology which will be useful 
in the sequel. 

Definition 5.2. If X is a topological space then X is called completely U-irreducible if 

whenever {Ux}\(^\ is an open cover of X, we have U\= X for some A. 

Proposition 5.3. // (X, <) is a poset with the Alexandrov topology then an open subset U 
of X is completely U-irreducible if and only if U = Ux for some x E X. 

Proposition 15.31 is trivial to prove because if Ux = [jUx then x must belong to Ux for 
some A and so Ux C Ux- It is useful to us because it expresses the property that an open set 
belongs to the canonical basis in purely topological terms. 

Henceforth we consider L{R) with the Alexandrov topology. For Re E L{R), we write Ue 
for the basic open set {Rp '■ Rp > Re}- We now wish to construct a sheaf of rings on L{R). 

In fact, for any poset X, sheaves of rings on X correspond to functors X —>■ Rings, where 
X is regarded as a category with a single arrow x — * y if and only if x < y. See the proof of 
an analogous fact in [LadOSl Sections 2.2, 2.3]. The definition of L{R) is chosen so that we 
may define such a functor L{R) Rings hj Rp ^ loc{R, E). 

In more detail, for each finite subset E of R, we fix a localization ap : R ^ loc{R, E). We 

define our sheaf O on basic open sets by 0{Up) = loc{R, E). To prove that this gives a sheaf, 
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we use the following lemma from algebraic geometry. The lemma and its proof are taken 
from lecture notes by Vakil |Vak07l Class 5, Theorem 2.1]. It is stated there for sheaves of 
sets, but the proof works equally well for sheaves of rings. 

Lemma 5.4. Let X he a topological space. Let B he a hase of open sets of X and suppose 
for each B E B, we are given a ring 0{B), and for each inclusion B' G B of hasic open sets, 
a ring homomorphism res^, : 0{B) 0{B') such that res^ is the identity for all B , and if 
B" C B' CB then resell — res^iires^i . Suppose that the following property holds: 

(*) If B E B and B = Ba with B^ E B for all a, and if we are given Sa G 0{Ba) such 
that for all a, (3 and all B 3 B" C Ba Ci Bp, we have res^ZSa = resjl,sp, then there exists a 
unique s G 0{B) with res^^s = Sa for all a. 

Then there is a unique sheaf of rings O on X extending O . 

Proof. We sketch the proof, which works because giving a sheaf on a base is enough infor- 
mation to determine the stalks, and any sheaf may be reconstructed from its stalks. 

More precisely, for x G X we define the stalk Ox = lim 0{B). For s G 0{B) and x E B 

x€BeB 

we write s{x) for the germ of s in Ox- For an open U G X , we define 
0{U) = {{sx) eYlOx-.^yeU there is a By e B with 

y E By d U and an s G 0{By) such that for all z G By, s{z) = Sz}. 

It is then straightforward to check that this O is a sheaf and that for B E B, 0{B) is 
canonically isomorphic to 0{B). □ 

For the space L{R) with the Alexandrov topology, we set 0{Up) = loc{R, F). If Up C Uq 
then Rp > Rg so we have the map pfg '■ loc{R, G) loc{R, F) from Proposition 14.41 These 
maps satisfy pee = ^ for all E and pcE = PgfPfe for Re < Re < Rg- In order to apply 
Lemma [5.41 it remains to check the condition (*) of Lemma [5.4[ But if f/i? is a basic open 
subset of L{R) then Up is completely U-irreducible, so (*) holds trivially in this case. 

We have now constructed a ringed space {L{R), O). If we wish this space to be related to 
Spec(i?) when R is commutative, it should have a property called sohriety (see Definition 
16.21 below). There is a method for making a space into a sober space called soberification. 
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The space NCSpec{R) will be constructed from L{R) via soberification. We now describe 
how to do this. 



6. Soberification 

The details of this construction are taken from the book |Joh82j . Recall that a topological 
space X is said to be irreducible if X is nonempty and every two nonempty open subsets of 
X intersect. 

Definition 6.1. Let X be a topological space. Let C be a closed subset of X and let x E X . 

Then x is said to be a generic point of C if {x} = C . 

Definition 6.2. Let X be a topological space. Then X is sober if every irreducible closed 
subset of X has a unique generic point. 

Every Hausdorff space is sober. A typical example of a non-Hausdorff sober space is the 
prime spectrum of a commutative ring R. 

Definition 6.3. Let X be a topological space. Let S{X) be the set of all irreducible closed 
subsets of X . For U an open subset of X, define U C S{X) by 

U = {C eS{X) ■.CnUy^0}. 

Then {U : U open in X} is a topology on S{X) and the space S{X) equipped with this 
topology is called the soberification of X . 

The following proposition justifies the name of soberification. 

Proposition 6.4. For any topological space X , S{X) is a sober space. The map 

q:X^ S{X) 

X {x} 

is continuous, and q~^{U) = U for all open U G X . 

There is an order-preserving bisection Vt{X) VL{S{X)) given by U ^ U , and this satisfies 
U nV = U nV for any open sets U,V C X and [jUi = [jUi for any collection {Ui} of open 
subsets of X . 
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The soberification X i— S{X) defines a functor from the category of topological spaces to 
itself. 

Proof See |Joh82l II.1.6, II.1.7]. □ 

For a ring R, we have already defined a sheaf of rings O on L{R). Since there is an 
order-preserving bijection U ^ U between the topologies of L{R) and S{L{R)), such that 
f/i n f/2 = Ui n U2 and [J^Ui = [J^Ui for all f/j, we can then define a sheaf of rings on 
S{L{R)), which we also denote by O. 

Definition 6.5. Let R be a ring. We denote by NCSpec{R) the ringed space S{L{R)) 
equipped with the sheaf of rings O. 

Our next goal is to prove that A^CSpec is a functor. 

7. FUNCTORALITY 

We wish to show that the assignment R ^— > A^CSpec(i?) defines a faithful contravariant 
functor Rings"^ RingedSp. Let R and S be rings and let 6' : i? ^ 5 be a ring 
homomorphism. We want to define a continuous map S{L{S)) S{L{R)). First, we define 
a function Lo{R) Lo{S) hj E ^{E). By Proposition 14.61 this map preserves the 
preorder ^ on Lq{R). It therefore induces an order-preserving map tg : L{R) —>■ L{S), given 
by tg : Re ^— > Sg(^E)- By Proposition 16.41 this induces a continuous map S{L{R)) S{L{S)). 
However, this map goes in the wrong direction. It turns out that tg also induces a continuous 
map S{L{S)) S{L{R)). This happens because of a special property of the Alexandrov 
topology on a poset. We first require the following lemma (see |Hof79[ Lemma 1.1, 1.2]). 

Lemma 7.1. Let (P, <) be a poset. A subset C of P is closed for the Alexandrov topology 
if and only if C is a lower set. That is, for all x,y & P, if x E C and x > y then y E C. 

A subset C of P is irreducible if and only ifC is directed upwards. That is, for allx, y E C 
there exists z E C with x < z and y < z. 

Proof. The first statement is true because a subset of P is a lower set if and only if it is the 

complement of an upper set. 

For the second statement, suppose C C P is irreducible. Then ii x,y E C, t^nt^flC 7^ 0. 

Therefore, there is z E C with z > x,y. Conversely, if C is directed upwards, then for any 
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two basic open sets Ua, Ub with Ua r\ C , Ub C] C ^ , we get Ua r\ Ub Ci C ^ 0. Therefore, 
any pair of nonempty open subsets of C intersect, so C is irreducible. □ 

Lemma 7.2. Let (-P, <) and (Q, <) be join semilattices (see Definition \4.10\ ), regarded as 
topological spaces equipped with the respective Alexandrov topologies. Let f : (P, <) {Q, <) 
be an order-preserving map which preserves joins. Then for every irreducible closed subset C 
of Q, f ^^{C) is an irreducible closed subset of P, and C ^ f'^{C) is a continuous function 
S{Q)^S{P). 

Proof. Let C be an irreducible closed subset of Q. Then f~^{C) is closed because order- 
preserving functions are continuous for the Alexandrov topology. So we only need to check 
that f~^{C) is irreducible. Let x,y E f^^{C). Then f{x),f{y) G C. So, since C is directed 
upwards by Lemma mi there exists z E C with /(x) < z,f{y) < z. Since Q is a join 
semilattice, the join f{x) V f{y) < z. So f{x) V f{y) G C since C is a lower set. Since 
/ preserves joins by hypothesis, f{x) V f{y) = f{x V y). Therefore, x M y E f^^iC) and 
therefore f^^{C) is directed upwards. So f^^{C) is closed and irreducible, as required. 

For the statement about continuity, let us temporarily write / for the function S{Q) — * 
S{P) defined by /(C) = f^^{C). We show that if Ua is a basic open subset of S{P), then 
{f)^^{Ua) = Uf(a), which is open in S{Q). We have 

{fr\Ua) = {Ce S{Q) : f-\C) nUa^0} 

= {C G S{Q) : 3x G P with f{x) G C and x > a}. 

We claim that this set equals {C G S{Q) : C fl ?7/(a) Indeed, if C fl ?7/(a) 7^ then 

there exists z E C with z > f{a), so f{a) G C because C is a lower set. On the other hand, if 
X > a and f{x) G C, then since / is order-preserving, f{x) > f{a) and so /(a) G C because 
C is a lower set. So we have 

{fr\Ua) = {Ce S{Q) : C n Uj^a) ^0} = Uj^) 

as required. □ 

Now let us return to the case of a ring homomorphism 6 : R ^ S. We have seen that 
there is an order-preserving function : L{R) L{S) defined by te : Re ^ Sg(^E)- We 
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check that te preserves joins. By Proposition I4.1H the join of Re and Rp is Reuf- And 
te{REvjF) = S0(^EuF) = S0(^E)ue(F), so te preserves joins. 
Thus, by Lemma 17.21 tg induces a continuous function 

e : S{L{S)) S{L{R)) 

with 9~^{Ue) = Ue{E) for all basic open sets Ue of S{L{R)). 

The continuous function 9 is the first ingredient of our morphism of ringed spaces A^CSpec(S') 
A^CSpec(_R). It remains to define a morphism of sheaves OMcspec{R) 9^:ONcspec{s)- As in 



Lemma 15. 4[ we construct this morphism first on a base, and then extend it uniquely to a 
morphism of sheaves. To do this, we use the following lemma from algebraic geometry. It is 
a special case of [VakOTl Class 5, Exercise 2.C]. 

Lemma 7.3. Let X and Y be topological spaces. Let Ox be a sheaf of rings on X and let Oy 
be a sheaf of rings on Y . Let f : X —>■ Y be a continuous function. Suppose there are bases 
Bx and By of X and Y respectively, such that f^^{B) G Bx for every B E By. Suppose 
that for every B G By, there is a morphism fs '■ Oy{B) Ox{f^^{B)) such that for every 
inclusion of basic open sets B' G B on Y , the diagram 

Oy{B) ^ Ox{f-\B)) 



Oy{B') ^ OxU-\B')) 

commutes, where the vertical arrows are the restriction maps. 

Then there exists a unique map Oy f*Ox of sheaves on Y which agrees with fB on 
every B E By . 

Proof. We define a map on stalks as follows: ii y E B eY with B E By and a{y) := [a, B\ 
is the germ of a section a E Oy{B) at y, then we define fy{[a,B]) = [fB{a),B] E {f*Ox)y 
Putting these maps together for y E Y gives a map between the sheafifications of Ox and 
f*Oy, because the sections of the sheafification of a presheaf JF over an open set U are 



!F^{U) = {{sx) E Y\ '■ 3 open cover U = \^\Ji and Sj G T{Ui 



with Si{x) = Sx for all x E Ui}. 
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But a map between the sheafifications is the same thing as a map of sheaves, so we are 
done. □ 



We apply Lemma O with f = 9 : S{L{S)) S{L{R)). We take the base B of S{L{R)) 
to he {Ue : E e Lo{R)}. By Lemma Ol 0~\Ue) = U^). For each Ue C S{L{R)), we 
have a map 

Oe : loc{R,E) ^ loc{S,e{E)) 

which comes from Proposition 14.51 By Proposition 14.61 these maps commute with the re- 
strictions. So by Lemma 17.31 there is a unique morphism of sheaves 

^* : Oj\jcSpec{R) d*ONCSpec{S) 

which agrees with the 6'e on basic open sets, as required. 

Theorem 7.4. Let R and S be rings and let 6 : R S be a ring homomorphism. Then 9 
determines a morphism of ringed spaces 

{§,§*) : ArCSpec(S') ArCSpec(i?). 

Furthermore, 6 t-^ (6*, 6**) defines a faithful contravariant functor Rings"'*' RingedSp. 
Proof. To check the functorahty, suppose 

R S T 

are ring homomorphisms. We obtain ts : LiK) L{S) defined by te{RE) = S0(^e) and 

t^ : L{S) L(T) defined by t^{SF) = T^{f)- It is clear that t^po = t^te- Now, for an 

irreducible closed subset C C L(T), ^{C) = t-^{C) = tgH-\C) = 60(0), so ^ = §0. 
- — -# 

To show that ip9 = {9^ip'^)9*, it suffices to show that for each finite subset E of R, we 
have {(p9)e = ^Pe{E)9E- Recalling Proposition 14.51 all the squares in the following diagram 
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commute. 



R 



S 



T 



loc{S,9{E)) 



Oe 



V0(E) 



a^{e(E)) 



loc{R, E) 



{^e)E 



loc{T,^{e{E))) 



By the uniqueness of {(pO)e, we obtain {^6)e = '^e{E)0E as desired. 

To show that this functor is faithful, we must show that if 6 : R S then {6, 
uniquely determines 9. But if we take E = {Ir} G Lq{R), then 9{E) = {Is} and 9 = 9e '■ 
loc{R, Ir) — > loc{S, Is) is the map of global sections 



NCSpec(B) 



{NCSpec{R)) O 



NCSpec{S) 



{NCSpec{S)) 



which can be recovered from 



□ 



There is now a natural question: which morphisms of ringed spaces A^CSpec(5') 
NCSpec{R) are induced by ring homomorphisms R S7 We now answer this question. 
Recall from Definition 15.21 that an open subset ?7 of a topological space X is completely 
U -irreducible if whenever U = [jUx is an open cover of U, we have U = Ux for some A. 
Complete U-irreducibility is a very strong form of compactness; every open cover has a 
one-element sub cover. 

Definition 7.5. Let (0,0*) : {X,Ox) (Y,Oy) be a morphism of ringed spaces. We 
say (0, 0*) is prim if, for every completely U-irreducible open U <Z Y , the following two 
conditions hold. 

(1) (f)~^{U) is completely U -irreducible. 

(2) For every completely [J -irreducible open V G U, the diagram 



Oy{U) 



Oy{V) 



is a pushout in the category of rings. 



{(t).Ox){U) 



KOx){V) 
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Note that identities are prim, and compositions of prim morphisms are prim, so that 
ringed spaces and prim morphisms between them form a category. 

Lemma 7.6. Let 9 : R ^ S be a ring homomorphism. Then the induced morphism (9, : 
A^CSpec(S') NCSpec{R) is prim. 

Proof. Let 9 : R ^ S he a. ring homomorphism. We first consider the continuous function 
9 : S{L{S)) — > S{L{R)). In view of Proposition 15.31 the completely U-irreducible open 
subsets of S{L{R)) are precisely those of the form Ue for E E Lo{R). We have already seen 
that 9~^{Ue) = Ue{E)i which is a completely U-irreducible open subset of S{L{S)). 

Now let f/i? C f/^; be an inclusion of completely U-irreducible open subsets of S{L{R)). 
Then Up C Ue a.s subsets of L{R). We must show that the diagram 

loc{R,E) loc{S,9{E)) 

Pfe Pe{F)e{E) 

loc{R,F) loc{S,9{F)) 

is a pushout. This was proved in Proposition 14. 6[ □ 

Theorem 7.7. Let R and S be rings. A morphism of ringed spaces cp : A^CSpec(S') —>■ 
NCSpec{R) is induced by a ring homomorphism R ^ S if and only if (f is prim. Thus 
R I— > NCSpec{R) is a fully faithful embedding of the category of rings into the category of 
ringed spaces and prim morphisms. 

Proof. Suppose ip = (0,0*) : A^CSpec(S') NCSpec{R) is a prim morphism of ringed 
spaces. Write X = NCSpec{S) and Y = NCSpec{R). Let 9 : R ^ S he the map of 
global sections defined by 0*. We show that (0,0*) = (9,9'^). Let Ue he a basic open 
subset of NCSpec{R). Then Ue is completely U-irreducible, so (P'^^Ue) is also completely 
U-irreducible and therefore equals Up for some F G Lq{S), by Proposition 15.31 The diagram 

Oy{Y) Ox{X) 



Oy{Ue) Oxir'iUE)) 
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is a pushout, since is prim and Y = Ui^ is completely U-irreducible. But 

e 

R S 

a-E O-e(E) 
Be 

loc{R,E) loc{S,9{E)) 

is also a pushout, by Proposition 14. 6[ Thus, loc{S,6{E)) and Ox(0^^(f^£;)) = loc{S,F) 
are canonically isomorphic, and so So(^e) = Sp and therefore Up = Ug(E)- Now we show 
that (f) = 9. If s G A^CSpec(5') then x is an irreducible closed subset of L{S). We show 
that = 6{x). By definition, 9{x) = {Re € L{R) : Sg(^E) ^ x}. Now since is an 
irreducible closed subset of L{R), we have Re € 4>{x) if and only if (p^x) E Ue if and only if 
X E (p^^iUE) = Ue{E)- So Re E 0(a;) if and only if Se{E) G x and therefore (j){x) = 9{x) as 
required. 

To show that = 0*, we need only observe that for each A E Lo{R), the map 6a of 
Proposition 14.51 is uniquely determined by 6, by Proposition 14.21 □ 

Remark 7.8. Before closing this section, we make a remark about Theorem 17.71 For 
commutative rings R and S, it is well-known ( |Har77t Proposition 2.3]) that a morphism 
: Spec(S') — > Spec(i?) is induced by a ring homomorphism i? — > 5 if and only if it is a local 
morphism of locally ringed spaces, that is, if and only if for each x E Spec(5'), the map on 
stalks Cspcc{_R),</.(x) C'spec(5),x IS a local homomorphism of local rings. This condition can 
clearly be checked locally, meaning that a morphism (p : X —>■ Y of locally ringed spaces is 
local if and only if there is an open cover Y = Ua such that : 4>~^{Ua) Ua is 

local for each If there is to be any hope of generalising algebraic geometry to the spaces 
NCSpec{R), we also require that primness be a local property. This is in fact the case. 

Proposition 7.9. Let cf) : X ^ Y he a morphism of ringed spaces. Then cf) is prim if and 
only if there is an open cover Y = {J^^a such that 0|</,-i([/^) : 4>~^{Ua) — > Ua is prim for 
each a. 

Proof. The proposition follows immediately from the observation that if \^ C F is a com- 
pletely U-irreducible open set then V = IJ«(^ ^ ^a) and therefore V C Ua for some a. □ 
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8. The commutative case 

In this section, we wish to compare A^CSpec(i?) with Spec(-R) when i? is a commutative 
ring. First, we note some very basic properties of the space NCSpec{R) for an arbitrary 
ring R. 

Let i? be a ring. Then for any finite subset E of R, we have {1_r} ^ E and E ^ {0} in 
the notation of Definition 14.31 So the locahzation semilattice L{R) has a minimum element 
and a maximum element Rq. Since open sets are upper sets, Rq belongs to every 
nonempty open set. Thus, L{R) is itself an irreducible space and therefore determines a 
point 7 G S{L{R)). This point 7 belongs to every nonempty open U C S{L{R)), and 
therefore S{L{R)) is an irreducible space. We have proved the following proposition. 

Proposition 8.1. If R is a ring then S{L{R)) is irreducible. 

We therefore cannot hope that Spec(i?) will be isomorphic to A^CSpec(i?) for a commu- 
tative ring R, since Spec(i?) need not be irreducible. We will, however, show that the two 
are related. 

Our first goal is to identify the points of A^CSpec(i?) when R is commutative, and to 
show that there is a continuous map Spec(i?) NCSpec{R) whose image is dense in 
A^CSpec(i?) \ {7}, where 7 denotes the generic point of A^CSpec(i?). 

If i? is a commutative ring, then for any finite subset E of R, loc{R, E) = loc{R, YleeE 
This is because in a commutative ring, xy is a unit if and only if x and y are units, and 
loc{R,E) is commutative by construction. So every element of L{R) is of the form Rj for 
some f E R. In what follows, we denote the basic open subset Urj^ of S{L{R)) hj Uf for 
short. 

Furthermore, for f E R, loc{R, /) coincides with the usual notion of localization at the 
set of powers of /. This is clear because both types of localization are defined by the same 
universal property. 

Next, recall that a subset 5* of a commutative ring R is called multiplicative ii 1r E S and 
for all x,y E S, xy E S. Also, S is called saturated if xy E S implies x E S. 

We now identify the points of S{L{R)), or equivalently the irreducible closed subsets of 
L{R), when R is commutative. 
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Lemma 8.2. Let R be a commutative ring and let C be an irreducible closed subset of L{R). 
Then there exists a saturated multiplicatively closed subset S of R such that C = {Rf : / G 
S}. 



Proof. Let C be an irreducible closed subset of L[R). Recall from Lemma [7.11 that C is a 
lower set and is directed upwards. 

Suppose Rf G C. Then is a unit in loc{R, /). So -Ri < Rf and therefore Ri belongs 

to C since C is a lower set. Now suppose Rf, Rg G C . Then since C is directed upwards, 
there exists Rh & C such that ahif) and ah{g) are units in loc{R,h). But then ah{fg) is 
a unit and so Rfg < Rh- Since C is a lower set, we have Rfg EC. So S = {f : Rf E C} 
is a multiplicatively closed set. Finally, if xy E S then Rr^y G C. Since axy{x) is a unit in 
loc{R, xy), we have R^ < Rxy So R^ & C since C is a lower set. Therefore, S is saturated, 
as required. □ 

We now use the fact that every saturated multiplicatively closed subset of a commutative 
ring is the complement of a union of prime ideals ( |Kap70 , 1.1, Theorem 2]) to obtain the 
following proposition. 

Proposition 8.3. If R is a commutative ring, there is a bisection between unions of prime 
ideals of R and irreducible closed subsets of L{R), given by 

[jPx^iRf.f^lj Pa}. 

AgA AgA 

Proof. We have already shown that every irreducible closed subset of L{R) has the given 
form. We must show that if P = |J and Q = [J are unions of prime ideals of R such 
that {Rf : / ^ P} = {Rf : / ^ Q} then P = Q. By symmetry, it suffices to show that 
g C P. Suppose g eQ\P. Then Rg e {Rf : f P} = {Rf : f ^ Q}. So Rg = Rh for 
some h ^ Q. But Rh < Rg implies that Q.g{h) is a unit in loc{R,g), and by the usual theory 
of localization for commutative rings, this means that g G rad{h). So Rh = Rg if and only if 
rad{h) = rad{g). Thus h and g belong to the same prime ideals. But g E Q implies g E Qfj, 
for some /i and therefore h G Q^, which contradicts the assumption that h ^ Q. 

Thus the given map is a bijection. It remains to show that if S* is a saturated multiplica- 
tively closed subset of R then C = {Rf : / G S*} is always an irreducible closed subset of 
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L(R). This follows from Proposition 17. because S being multiplicative implies that C is 
directed upwards, while 5* being saturated implies that C is a lower set. □ 

Thus, for a commutative ring R, the points of NCSpec{R) may be identified with unions 
IJ^Pa of prime ideals of R, and the basic open set Uj corresponds to {IJa-^a : / ^ 
Pa for all A}. 

There is thus a one-to-one function (on the level of sets) : Spec(P) — > A^CSpec(P) given 

by 

0(P) = {Rf:f^ P}. 

Recall that a base for the topology on Spec(P) is given by the sets D{f) = {P : / ^ P} for 
/ G P (see |Sha94l V.1.3]). 

Lemma 8.4. Let R be a commutative ring. Then 

: Spec(P) A^CSpec(P) 

is continuous, and indeed (l)~^{Ug) = D{g) for every g & R. Furthermore, cf) is a homeomor- 
phism onto its image. 

Proof. Let g & R. We have 

(t>-\Ug) = {Pe Spec(P) ■{Rf:fiP}r\U,^0} 

= {P G Spec(P) : 3Pfc with Rk >Rg,k^ P} 

= {P G Spec(P) : 3Rk with k ^ P and k G rad{g)} 

= {P G Spec(P) ■.g(^P} 

= D{g) 

and so (p is continuous. A similar calculation yields (f){D{g)) = 0(Spec(P)) fl Ug for every 
g E R. Therefore, : 0(Spec(P)) Spec(P) is also continuous. □ 

Now recall that the structure sheaf on Spec(P) is the unique sheaf Cspec(i?,) with Ospoc(i?,) (-D(/)) = 
loc{R, f) on the distinguished base and with the natural restriction maps. Therefore, for 
f E R, Ospec(R){D{f)) and ONcspec{H){Uf) are defined by the same universal property, so 
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there is a canonical isomorphism 



0~ : ONCSpec{R){Uf) Ospec{R){D{f)). 

Applying Lemma 17.31 these maps glue together to give an isomorphism of sheaves 

0* : ONCSpec{R) <P*Ospcc{R)- 

Theorem 8.5. Let R be a commutative ring. Then there is a morphism of ringed spaces 

{(f), (j)*) : Spec(i?) ^ NCSpec{R) 

such that (f) is a homeomorphism of Spec(i?) with a dense subspace of NCSpec{R) \ {7}, 
where 7 is the generic point, and such that 0* is an isomorphism of sheaves on NCSpec{R). 

Proof. We have shown everything except that the image of is dense in NCSpec{R) \ {7}. 
To show this, let Ug be a basic open subset of NCSpec{R) with Ug 7^ {7}. Then Ug contains 
some point of S{L{R)) other than 7. Such a point corresponds to a proper closed subset C of 
L{R). Since C G Ug, UgHC and so Rg G C. Therefore, Rq 7^ Rg or else we would have 
Rq & C and then C = L{R). So rad{g) 7^ rad{0) and therefore there exists P G Spec(-R) 
with g ^ P. So RgE 0(P) nf/g and therefore (f){P)nUg ^ and so 0(P) G 0(Spec(i?)) nf/J. 
Thus 0(Spec(i?)) meets every nonempty open subset of NCSpec{R) \ {7} and so is dense in 
A^CSpec(i?) \ {7}. □ 

In Section [31 it was claimed that Spec(i?) embeds naturally into A^CSpec(i?). By this is 
meant that the embeddings (0,0*) of Theorem 18.51 define a natural transformation 

Spec — > A^CSpec 

of contravariant functors from the category of commutative rings to the category of ringed 
spaces. This in turn boils down to checking that if R and 5* are commutative rings and 
6 : R ^ S is a ring homomorphism, then the map 6 of Theorem 17.41 reduces to the usual 
map between prime spectra when restricted to the subspace Spec(S') C A^CSpec(5'). This is 
easy to check. 
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8.1. An exponential. We wish to investigate the relationship between the spaces Spec(i?) 
and NCSpec{R) in more detail, when it! is commutative. We can ask whether NCSpec{R) 
can be naturally viewed as a completion of Spec(i?). Since completing something which 
is already complete should have no effect, a completion should be a functor E : Top — > 
Top from the category of topological spaces to itself, such that = E. It is natural to 
ask whether there is such a functor with the property E{Spec{R)) — NCSpec{R) for all 
commutative rings R. We will answer this question in the affirmative when Top is replaced 
by an appropriate category of based spaces, which we now describe. 

Definition 8.6. If X is a topological space, a base B of X is called multiplicative if X & B 
and whenever Bi,B2 G B, then Si G B. We let T denote the category whose objects are 
pairs {X, B) where X ia aTo space and B is a multiplicative base of X, and whose morphisms 
{X, B) (F, C) are functions f -.X such that f-\C) G B for all C eC. 

Note that the category of Tq spaces is a full subcategory of X via X i— > {X, T) where 
X is a To space with topology T. Also, the category of sets is a full subcategory of % via 
X (X, 'P(X)) where 'P{X) denotes the set of all subsets of X. 

Now wc define a functor : T ^ T as follows. If (X, B) is an object of T, and B E B, 
we set Bo = {A e V{X) : A C B}. Then B = {Bq : B e B} is a multiphcativc base for a 
topology on ViX). We set Eo{X,B) = (P(A),B). The space V{X) may not be Tq, so we 
define an equivalence relation on it by A ~ A' if and only if A and A' belong to the same 
open subsets. 

Definition 8.7. The exponential E{X,B) is the space V{X)/ ~ equipped with the quotient 
topology, together with the multiplicative base B — {B : B E B} where B — {[A] e V{X)/ ~ 
such that A e Bq\. 

It is easy to see that : T — > T is a functor and that if {X, B) E % then there is a 
morphism '■ i^:^) ~^ E{X,B) defined by (t>(x,B){x) — [{x}\, the equivalence class of 

the singleton {x}. For any (A, S), this map 4>{x,b) is an embedding whose image is dense in 
E{X, B) \ {[0]}, and the 4'{x,b) are the components of a natural transformation (p : id E 
of functors X — > X. 

The following proposition explains the reason for defining E. 
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Proposition 8.8. Let R be a commutative ring. If {X,B) = {Spec{R), {D{f) : f G R}) 
then E{X,B) is naturally isomorphic to {NCSpec{R), {Uf : / G -R}). 

Proof. We have shown in Proposition [8l3] that the points of NCSpec{R) correspond to unions 
of prime ideals of R, and that Uf may be identified with {IJa-^a : / ^ Ua-^a}- We define 
a map 7 : E{X,B) {NCSpec{R), {Uf : / G i?}) by 7 : [A] ^ UpeA^- The map 7 is 
well-defined because if [A] = [A'] then for all / G i?, if / ^ UpeA^ then P G D{f) for 
all P G v4, so y4 C -D(/) and therefore A' C D{f) which implies / ^ IJpg^, P. Therefore, 
UpeA' Upga ^'^'i the reverse inclusion is proved in the same way. Also, the map 7 is 
clearly surjective, and a similar argument to the above shows that 7 is injective. Also, for 
all / G P, 7~^(t^/) = D{f). Therefore, 7 is an isomorphism in T. It is straightforward to 
show that the ismorphisms 7 are natural with respect to P. □ 

Note that in the case (X, B) = (Spec(P), {D{f)}), the map 4>(x,i3) coincides with the map 
(j) defined in Proposition 18.41 

We now wish to describe the functor E via a universal property. Recall the notion of 
join-semlilattice from Definition 14. 10[ 

Definition 8.9. A join-semilattice {X,<) is called complete if every subset A of X has a 
least upper bound, denoted sup(y4). A morphism of joins emilattices is a (necessarily order- 
preserving) function f : (X, <x) {Y, <y) such that /(sup(y4)) = sup(/(yl)) for all subsets 



Definition 8.10. A % -complete join-semilattice is a triple {X,B,<) such that 

• (X, B) is an object of T. 

• < is a partial order on X such that (X, <) is a complete join-semilattice. 

• The following property holds: 

For all Ac X and all B e B, A C B if and only z/sup(y4) G B. 

Observe that if {X,B) G T then E{X,B) is a complete join-semilattice under the order 



The reader can check that this order is well-defined and that the join of {[^a] : A G A} is 



A ofX. 
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Lemma 8.11. If{X,B,<x) and {Y,C, <y) are%-complete join-semilattices and f : (X, i3) — 
(y, C) is a morhpism in 1, then f is a morphism of complete join-semilattices. 

Proof. Let A C X. We must show that sup(/(A)) = /(sup(A)). Since Y is Tq, it suffices 
to show that for all C g C, sup(/(A)) G C if and only if /(sup(A)) G C. Let C G C. Then 
/(sup(A)) G C if and only if sup(A) G f-\C) if and only if A C f-\C) if and only if 
f{A) C C if and only if sup(/(y4)) G C, as required. □ 

Proposition 8.12. The map 4'{x,b) '■ i^^^) E{X,B) is the universal map from {X,B) 
to a 1-complete join-semilattice, in the following sense: 

4>(x,B) '■ (-^) -S) E{X, B) is a map from from {X, B) to a %-complete join-semilattice, 
and if 9 : {X, B) (y, C, <) is any map from (X, B) to a %-complete join-semilattice, then 
there exists a unique map of %-complete join-semilattices 6 : E{X,B) {Y,C,<) such that 
the following diagram commutes. 

iX,B) (F,C,<) 

't>{X,B) 

E{X,B) 

Proof. The map 6 is defined by ^([A]) = sup(^(y4)). It is routine to check that 6 is the unique 
morphism in T which makes the diagram commute. Lemma 18.111 then implies that 6* is a 
morphism of T-complete join-semilattices. □ 

The universal property of Proposition 18.121 makes it easy to prove that E"^ = E. 
Proposition 8.13. E"^ = E as functors T ^ T. 

Proof. Immediate from Proposition 18.121 combined with Lemma 18. Ill □ 

We end this section with the following remark. We can define a category T-RingedSp 
whose objects are objects of T equipped with a sheaf of rings, together with the obvi- 
ous morphisms. We can define a functor XCSpec^ : Rings°^ ^ T — RingedSp by 
XCSpec^(i?) = (XCSpec(i?),{f7s : E G Lq{R)}). If CommRings denotes the cate- 
gory of commutative rings, then we can define Spec^ : CommRings"^ — T — RingedSp 
by Spec^li?) = (Spec(i?), {D{f) : / G R}). Finally, we can define E : % - RingedSp ^ 
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T — RingedSp by extending the definition of E to ringed spaces. Tliese functors fit togetlier 
in tlie following way. 



Proposition 8.14. The following diagram of categories and functors commutes. 

NCSpecg 

Rings"*' ^ X - RingedSp 



Specg 

CommRings°^ ^ X — RingedSp 

Proposition 18.141 is interesting because it is the closest we can get to the ideal situation of 
a functor F : Rings°^ RingedSp with the property that F = Spec when restricted to 
commutative rings. 

9. Examples 

In this section, we give some examples of A^CSpec(-R) for various rings R. 

Example 9.1. (The zero ring.) Let R = 0. According to our definitions, L{R) consists 
of a single point, and therefore A^CSpec(-R) is the one-point space {•}. This has a sheaf of 
rings whose sections over the two open sets and {•} are zero. By Theorem 17.41 for any 
R there is a morphism A^CSpec(O) — > A^CSpec(-R). This morphism maps • to the generic 
point of NCSpec{R). 

Remark 9.2. The reader may wonder why we do not simply delete the generic points. 
Indeed, if we defined NCSpec^{R) to be the complement of the generic point in NCSpec{R), 
we would still obtain a faithful functor A^CSpec" : Rings°^ RingedSp. However, this 
definition would make it more awkward to write out some of the proofs of the main results 
of this paper, and would bring little benefit. 

Example 9.3. (Matrices.) Let R = M„(C), the ring of nxra matrices with complex entries. 
It is clear that if £^ C -R is a finite set of nonsingular matrices, then loc{R, E) = R. If E G R 
is a finite set of matrices, at least one of which is singular, we claim that loc{R, E) = 0. To see 
this, let A G -E be a singular matrix and let 5 be a matrix of rank 1 with image(-B) C keT{A), 
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and let t G loc{R, E) be the inverse of aE^A). Then as(-B) = taE{A)aE{B) = taE{AB) = 0. 
But for each 1 < i < n, there is a nonsingular matrix Z with ZBZ^^ = En where En is the 
matrix with zeroes everywhere except for a 1 in the (i, 2)-position. So aEiEn) = for each 
i, and therefore a;£;(l) = aE{J2i ^a) ~ ^- loc{R, E) = as claimed. 

Thus, the space L{R) has only two elements, and so S{L{R)) has two points; the generic 
point 7 and one other point p such that {p} is closed. The nonempty open sets are {7,p} 
and {7}, and the structure sheaf O has 0{{'y,p}) = R, 0{{j}) = with the zero map as 
the restriction map. 

Example 9.4. (Semisimple algebras.) Now let A = M„^(C) x Mn^{C) x ■ ■ ■ x M„^(C) 
be a semisimple C-algebra. For I < i < k, write Cj = (0, 0, . . . , 1, . . . , 0), so that {cj} is a set 
of pairwise orthogonal central idempotents. For / C {1, 2, . . . , A;}, write Aj — ^(X^jg/^i)- 
Then is the identity element of Aj, and one can check that Aj = loc{A, X]jg/ ^i) with 

the localisation map A —>■ Aj being given by a 1-^ (^{Yliei ^i)- claim that every loc{R, E) 
is canonically isomorphic to one of the Aj. To show this, we use the fact that for any ring R, 
if x,y & R and xy = yx then xy is a unit if and only if both x and y are units. If E' is a finite 
subset of R, suppose ^ ^- Then a^(^ajej) is a unit in loc{R,E). If det(aj) = 

then there exists 6j 7^ with ajfoj = and so by the same argument as was used in Example 
19.31 we obtain aE^Ci) = 0. Thus, dEiJ^^i^i) = (^E{J2dct{ai)^o^i^i)- using the fact 

that {J2det{a,)^0'^i^^i)(J2det{a^)^0'^i'^i) ^ iJ2dct(a,)ytO '^i'^i) iJ2dct{a^)^0 '^i ^ ^i) ^ J2det{ai)j^0 '^i^ 

we obtain that dEiJ^^i^i) ^ ^^i^ if ^^iy i^ '^£^(Sdet(a,)7^o i^ ^ unit. Finally, we 
obtain that a£;(e) is a unit for all e G -E if and only if tt£;(X]igz^«) i^ ^ unit, where 

Z = : e = ^^fljCj with det(aj) 7^ 0}. 

eG-B 

Thus, loc{R, E) = Az- So the localization semilattice is isomorphic to the lattice of finite 
subsets of {1, 2, ... , k}. From this it follows that the points of A^CSpec(-R) correspond to 
finite subsets of {1, 2, ... , k}, and the basic open sets are of the form Uj = {J : J G /}, with 
0{Ui) = Aj. If f//j C then Ji C I2 and the restriction map Aj^ Ai^ is multiplication 
by XliG/i follows that for a general open f/, 0{U) = A\ju. 

Example 9.5. (Polynomials in one variable.) Finally, let us consider R = C[x] (or, 
more generally, any PID). Recall from Proposition 18.31 and Proposition 18.81 that points of 
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NCSpec{R) correspond to unions Ua-^a of prime ideals of R. Since i? is a PID and every 
nonzero ideal of R is maximal, two such unions IJ;^ Pa and IJ^ are equal if and only if the 
nonzero ideals occuring in {Pa} are the same as those occuring in {Q^}- The set of points 
of A^CSpec(P) may therefore be identified with the zero ideal {0} together with the power 
set of the set of maximal ideals of R. 

In the case R = C[x], the underlying space of A^CSpec(P) is therefore V{C) U {0} where 
V{C) denotes the set of all subsets of C. If / 7^ then the basic open set D{f) is {A : A C. 
C and /(a) ^ for all a E A} U {0}, while if / = then D{f) = {0}. The generic point is 
G V{C). 

A similar description also holds for any ring R satisfying the property that if a prime ideal 
P is contained in a union Px of prime ideals, then P C Pa for some A. Such rings were 
studied by Reis-Viswanathan jRV70] and Smith |Smi71] . 



10. QUASICOHERENT SHEAVES AND GLUEING 

In algebraic geometry, one reason for defining affine schemes is so that larger spaces, such 
as projective space, can be built up by glueing together Spec(P) for various commutative 
rings R. It is natural to ask whether the spaces A^CSpec(P) can also be glued together, and 
how much of algebraic geometry can be developed in this setting. 

10.1. Glueing. Recall the notion of glueing ringed spaces. This can be found, for example 
in |Har77i Exercise 2.12] (it is stated there for schemes, but the same definitions can be made 
for ringed spaces in general). 

Proposition 10.1. Let {{Xa,Oxa)}aeA be a collection of ringed spaces. Suppose for each 
a,P E A, we are given an open set Ua/3 C Xa, with Uaa = for all a, and suppose there 
are isomorphisms of ringed spaces ipa/B '■ Uap ^ Upa such that ipaa is the identity for all a, 
and (Pi3a'^ai3 is the identity for all a and [3. 

Suppose further that := ^ai3\uo,i3r\Uc^ maps Ua/3 ^ Ua-y isomorphically to Upa H Up^ for 
all in A, and these isomorphisms satisfy 

for all a, G A. 
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Then there exists a ringed space X defined as the quotient space o/Ua -^a by the equivalence 
relation generated by x ^ ^api^) for all x G Uap and all a,f3 E A, together with the natural 
sheaf of rings. Also, X has an open cover X = [JX^ by the ringed spaces X^, in the sense 
that for each a there exists a morphism tp^ '■ —>■ X which is an isomorphism of X^ with 
an open subspace of X , and ipa restricts to an isomorphism of U^p with ipaiXa) H ipi3{Xp) 
for all a and 13, and ipa = ^'isV^ap on Uap- 

In commutative algebra, the simplest case of Proposition 110.11 is when we have two com- 
mutative rings R and and loc{R, f) = loc{S, g) for some f E R and some g E S. Then 
Spec(i?) and Spec(S') may be glued along the open subset D{f) = D{g). This construction 
cannot be generalized directly to noncommutative rings, because if i? is a noncommutative 
ring then it may not be true that the basic open subset Ue oi A^CSpec(i?) is isomorphic as a 
ringed space to A^CSpec (/oc(i?, E)). However, we can identify a common situation in which 
it is. 

Definition 10.2. Let R be a ring. A subset S of R is multiplicatively closed if 1 & S and 
for all s, s' G R, if s,s' E S then ss' E S. 

Definition 10.3. |MR87l 2.1.6] Let R be a ring. A multiplicatively closed subset S of R 
is called a right Ore set if whenever r E R and s E S , there exist r' E R and s' E S with 
rs' = sr' . 

There is an analogous notion of left Ore set. The point of Definition 110.31 is that a 
localization of R at an Ore set S will have a nice form, because every fraction of the form 
s~^r can be rewritten as r'{s')~^ with the inverse of an element of S on the right. 

We need one more definiton. 

Definition 10.4. If R is a ring and E G R, write {E) for the smallest multiplicatively 
closed subset of R containing E. Thus, (E) consists of Ir together with all the elements of 
R formed by multiplying elements of E. 

Note that if i? is a ring and E C R then loc{R, E) = loc{R, {E)). 

Lemma 10.5. Let R be a ring and let E be a finite subset of R such that (E) is a left or right 

Ore set. Let Ue = {Rp '■ Rp > Rp} be the basic open subset of L{R) corresponding to E. 
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Let Ue be the corresponding basic open subset of NCSpec{R) . Then there is an isomorphism 
of ringed spaces 

(^,Oivcspec(fi)|f7^) = NCSpecilociR,E)). 

Proof. Write R — ^ loc{R, E) for the localization of R at E. We wish to define an isomor- 
phism of ringed spaces 

Ue NCSpec{loc{R,E)). 

First, we define a function (p : Ue ^ L{loc{R, E)). If Rp G UE,^e set (P{Rf) = loc{R, E)aj^(F)- 
By Proposition 14.61 this is a well-defined order-preserving map. By Proposition 14.51 the fol- 
lowing diagram commutes. 

R loc{R, E) 



OL p 




loc{R,F) '-^ loc{loc{R,E),aE{Fj) 

To proceed further, we make the observation that if Rp E Ue then the map (q;£)f in the 
above diagram is an isomorphism. To show this, observe that if Rp & Ue then Rp > Re so 
F y E. Consider the following diagram. 

loc{R,E) ^ loc{loc{R,E),aE{F)) 

Pfe 

loc{R, F) 

If / G F then pppdEif) = c^pif) which is a unit in loc{R,F), so there is a unique 
S : loc{loc{R, E),aE{Fj) loc{R,F) such that SaaE^E) = Pfe- Then 6{aE)EC(F = 
SaaE(F)CiE = Pfec^e = CiF- By Proposition 14.21 we obtain 6{aE)F = id. On the other 
hand, {aE)F^CiaE{F)CiE = {ciE)FPFEOiE = {ciE)FCiF = CiaE{F)OiE- Siucc Ue and aaE(F) ^rc 
epic in the category of rings, we obtain {aE)F5 = id. So {aE)F is invertible as claimed. 

Now, if Rf,Rf' e Ue with (piRp) < ^{Rf') then apiF) ^ aE{F'). So for all f E F, 
(^aEiF'){c(E{f)) is a unit in loc{loc{R, E),aE{F')). But aaEiF')C(E{f) = {o:E)F'0:F'{f) so 
ap'if) is a unit because {aE)F' is an isomorphism. Therefore, Re < Rf'- 

We have shown that (f){Rp) < (plRp/) implies Rp < Rp>. This implies that (p is one-to-one 
and that is continuous where defined (since it is order-preserving). 
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Now we show that is surjective by using the assumption that {E) is an Ore set. Sup- 
pose {E) is a right Ore set (the proof for a left Ore set is analogous). By |MR87t Lemma 
2.1.8], we may write every element of loc{R,E) in the form a_B(5')(«£;(e))~^ for some g & R 
and e G {E). \{ F = {fi,---,fn} is an arbitrary finite subset of loc{R,E), we write 
fi = OiE{gi){aE{ei)y^, 1 < i < n. Let G = {gi,...,gn} C R. Then Ioc{R,E)f = 
loc{R,E)aj,{G) = loc{R,E)aE{EuG)- So Reug ^ Ue and 4>{Reug) = Ioc{R,E)f- There- 
fore, (f) is surjective. Since we have already shown that cj) and are continuous, is a 
homeomorphism . 

The homeomorphism (p : Ue L{loc{R, E)) induces a homeomorphism 



: S{Ue) S{L{loc{R,E))). 



To obtain the desired homeomorphism Ue — > S{L{loc{R, E))), we need to check that S{Ue) 
(the soberification of the subspace Ue of L{R)) is homeomorphic to Ue, a subspace of 
S{L{R)). To see this, we may define a map S{Ue) S{L{R)) by C t-^ C = {Re G L{R) : 
Re < Rg for some Rg G C}. This map is continuous and its image is Ue- We may define a 
continuous inverse via Z i-^ Z n Ue ioi Z E Ue C S{L{R)). Thus, S{Ue) is homeomorphic 
to Ue and so we have a homeomorphism 



^■.Ue^ S{L{loc{R,E))). 



We must now define a map of sheaves O s{l(Ioc{r,e))) ^*^Ue- have already seen that any 
basic open subset of L{loc{R, E)) is of the form Ua,^(F) for some F G Lq{R) with Re > Re- 
So any basic open subset of S{L{loc{R, E))) is of the form Uaj^{F) for some finite F C R 
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with Rp > Re- Using the definition of y?, we calculate 



^-\U^,(F-^) = {C eUE-.CnUEe r\U^,(F))} 
= {C eUE:ct>{Cr\ Ue) n U^^^e) ^ 0} 

= {C eUe: 3Ra eCDUe with loc{R, E)^^(^a) > loc{R, ^)as(F)} 
= {C eUE-.BRAeCnUE with ^(i?^) > (piRp)} 
= {C eUE-.BRAeCnUE with Ra > Rf} 
= {C eUE:CnUE^0} 
= Ue. 

So for each F, we need a ring isomorphism loc{loc{R, E),aE{F)) loc{R,F). We use the 
map {aE)E^ defined above. U Ue C Up' C Ue then Proposition 14 . 61 implies that the following 
diagram commutes. 



loc{R, F') 

Pff' 

loc{R, F) 



(of) J 



loc{loc{R,E),aEiF')) 
loc{loc{R,E),aEiF)) 



We may therefore apply Lemma FTSl to get the desired isomorphism of sheaves y?* : Os{Liioc{R,E))) 
ip^Ojj-^. Then is an isomorphism of ringed spaces, as required. □ 

Note that if E' is a finite subset of R such that {E) is a left or right Ore set then the map 
[if, defined in Lemma [10.51 makes the following diagram of ringed spaces and morphisms 
commute 

A^CSpec(i?) 



U, 



NCSpec{loc{R, E)) 



where i is the inclusion and a is the map of ringed spaces induced by a^; : i? loc{R, E). 

Example 10.6. In view of Lemma 110.51 we may "glue rings along Ore localizations" . To 
be precise, suppose Ri, . . . , Rn are rings and for each i let {Eij : 1 < j < n} be a collection 
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of finite subsets of Ri such that each {Eij) is a right Ore set and such that En = {1r^} for 
all i. Suppose for each i,j there are isomorphisms 

ipij : loc{Ri,Eij) loc{Rj,Eji), 

and for each i,j, k, there are isomorphisms 

ijjfj : loc{Ri, Eij U Eik) loc{Rj, Eji U Ejk) 

such that the following diagram commutes for all k. 

loc{Ri, Eij) ^ loc{Rj, Eji) 

loc{Ri, Eij U Eik) ^ loc{Rj, Eji U Ejk) 

(Note that Proposition 14.21 implies that the ipij are uniquely determined by the ipij-) Assume 
that ipii = ipijipji = id for all i,j and 

for all z, j, k. 

It is clear that {Eij U Eik) is a right Ore set if {Eij) and {Eik) are, and so in view of 
Lemma 110.5^ all the assumptions of Proposition 110.11 are satisfied, and so we may glue the 
spaces A^CSpec(i?j) to obtain a ringed space X which has an open cover X = IJiLi -^i with 
Xi = NCSpec{Ri) for each i. 

We shall return to this example later. 

10.2. Quasicoherent sheaves. Now we explain how an i?-module gives rise to a sheaf 
of O-modules on NCSpec{R). We could work with left i?-modules, right i?-modules or 
R — i?-bimodules. We choose to work with left i?-modules. 

Lemma 10.7. Let R be a ring and let M be a left R-module. Let (X, Ox) = NCS]3ec{R). 
Then there is a sheaf M of left Ox -modules on X with 

M{Ue) = loc{R, E) M 

and the restriction maps Pfe ® 1 : loc{R,E) ^r M loc{R,F) ®r M for each inclusion 
Up G Ue of basic open subsets of X. 
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Proof. Just as in the construction of the structure sheaf Ox in Section O we may define M 
as in the statement of the lemma, and then apply Lemma 15.41 (in its form for sheaves of 
Ox^Hiodules) to conclude that there exists a unique sheaf of left Ox^niodules which agrees 
with loc{R,E) M on Ue- The condition (*) of Lemma [5.41 holds automatically because 
every basic open set Ue is completely U-irreducible. □ 

It is convenient now to define an analogue of the usual notion of quasicoherent sheaf. 

Definition 10.8. Let X be a ringed space and let M. he a sheaf of left Ox^'modules. We 
say A4 is quasicoherent if there exists an open cover X = IJjgj Ui such that for each i & I , 
{Ui,Ox\ui) — A^CSpec(Aj) for some ring Ai, and such that for each i there is a left Ai- 
module with M\u, = Mj. 

If X is a ringed space, we denote by Ox — Mod the abelian category of all sheaves of left 
Ox^niodules (a.k.a. left Ox^niodules) and module homomorphisms, and by Qcoh(X) the 
full subcategory of quasicoherent left Ox^modules. In general, Qcoh(X) might not be an 
abelian category. 

Lemma 10.9. Let R be a ring. If is a quasicoherent sheaf of left Ox^modules on 
X = NCSpec{R) then there exists a left R-module M such that = M. 

Proof. If {Ui} is any open cover of X, then we must have Ui = X for some i, because 
X is completely U-irreducible (indeed, -Ri G L{R) is the minimum element of L{R), and 
so L{R) = Ui is completely U-irreducible by Proposition 15.31 which implies that S{L{R)) 
is completely U-irreducible as well). So one of the rings Ai in Definition 110.81 satisfies 
NCSpec{Ai) = NCSpec{R) and therefore R = Ai and we may take M = Mi. □ 

The following proposition is an analogue of |Har77l Corollary 5.5]. 

Proposition 10.10. Let X = NCSpec{R). Then M and T{X,M) are inverse 

equivalences of categories between R — Mod and Qcoh(X). 

Proof. The proposition is easy to check, because any morphism M M' of sheaves of left 
Ox^niodules is determined by the corresponding map on global sections. □ 

34 



Remark 10.11. Proposition 110.10] shows that Qcoh(A^CSpec(i?)) is an abehan category 
and that the functor M i— > M is exact. The reader may wonder how this is possible, since it 
is clear that if M is a left i?-module then the stalk of M over the point {Re} G A^CSpec(-R) 
is loc{R, E) ®fi M, and yet if ^ M" ^ M ^ M' — is a short exact sequence of left 
i?-modules, then the sequence of stalks 

^ loc{R, E) M" ^ loc{R, E)®rM ^ loc{R, E) 0r M' ^ 

need not be exact, because loc{R, E) need not be a flat -R-module. However, the point is 
that M M is not exact when viewed as a functor from R — Mod to Ox — Mod. It is only 
exact when viewed as a functor R — Mod — > Qcoh(X). Kernels and cokernels in Qcoh(X) 
may not agree with kernels and cokernels in Ox — Mod. For example, if / : M — is a 
morphism, then the kernel of / in Qcoh(X) is ker(/x) where fx is the map induced by / on 
global sections. But this is not in general the same as the sheaf kernel of /. 

10.3. Now let X be any ringed space which has a finite open cover X = ljr=i -^i with 
Xi = NCSpec{Ri) for some rings Ri. Suppose this cover is irredundant; that is, no Xi is 
contained in IJ^yi -^j- Let Ai he a quasicoherent sheaf of left Ox^niodules. Then there is an 
open cover {Uj} of X with Uj = NCSpec{Aj) and A^-modules Mj with M\u, = Mj. Then 
since Xj = |J(Xj fl Uj) for each i, but Xi is completely U-irreducible, we have Xj C Uj for 
some j. The same argument applied to Uj shows that Uj C X^ for some k. Therefore, each Uj 
is equal to one of the Xj. Since the cover {Xj} is irredundant, we must have {Xj}"^^ C {Uj}. 
Thus, for each 1 < i < n, there is a left i?j-module Mj with J^\xi = Mi, and for each 
there is an isomorphism of sheaves on Xj fl Xj 

ipij : Mj|x,nXj Mj\x,nx, 

satisfying 

{(fa = id on Xj 

^jk'fij = ^ik on Xj n Xj n Xfc 

for all z, j, k. 

Conversely, by |Har77l Exercise 1.22], the data ({Mj}"^]^, {yjjj}), where Mj is a left Ri- 
module for each i and (pij : Mj|xinXj — > Mj\xir\Xj are isomorphisms of sheaves satisfying 
(**), uniquely determine a sheaf Ai of left Ox^niodules satisfying A^|xi = Mj for each i. 
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Thus, there is an equivalence of categories between the category of quasicoherent sheaves 
of left Cx^modules and the category of data {{Mi}, {^Pij}), together with the obvious notion 
of morphism ({M,}, {y.,,}) ^ ({Ma,{^^,}). 

Example 10.12. Consider quasicoherent sheaves on the space X constructed in Example 
110.61 We use the notation of that example. The space X has an open cover by Xj = 
NCSpec{Ri) and Xi n Xj ^ NCSpec{loc{Ri, Eij)) ^ N C Spec {I oc{R j, Eji)) for each ij. 
By the above discussion, the category of quasicoherent sheaves on X is equivalent to the 
category whose objects are data of the form 

({M,},M,}) 

where Mj is a left -Rj-module, I < i < n, and the (fij are coherence isomorphisms satisfying 
the following axioms. 
For each 1 < i, j < n, 

(fij : loc{Ri, Eij) Mi loc{Rj, Eji) Mj 

is an isomorphism of abelian groups such that (fij{rm) = ipij{r)ipij{m) for all m G loc{Ri, Eij)®^. 
Mi and all r G loc{Ri, Eij), and such that fijfji = fa = id for all i and j. 
Furthermore, for each 1 < i, j, k < n, the unique morphism of abelian groups 

if'lj : loc{Ri, Eij U Eik) Mi loc{Rj, Eji U Ejk) Mj 

which satisfies ip^j{rm) = ■ilj^j{r){p^j{m) for all r G loc{Ri, Eij U Eik) and all m G loc{Ri, Eij U 
Eik) Mi, and which makes the following diagram commute, 

loc{Ri,Eij) Mi loc{Rj,Eji) Mj 



loc{Ri, Eij U Eik) Mi loc{Rj, Eji U Ejk) Mj 

is an isomorphism, and these isomorphisms satisfy '■p^k'^% = V^ifc k- 

Morphisms {{Mi], {(pij]) ({M/}, {v^^}) are collections of maps {fi : Mi M/) which 
commute with the (fij. 
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Example 10.13. (Quasicoherent sheaves on a noncommutative projective space.) 

As an example of the notions discussed in Section [TOl we define an analogue of projective 
space over a "polynomial ring" R in skew-commuting variables, and we relate quasicoherent 
sheaves on this space to graded i?-modules. 

Let n E N and for 1 < i < j < n, let X{i,j) be a nonzero complex number. Let 
R = Cx[xi,X2, . ■ . , Xn] be the C-algebra generated by xi, X2, . . . , x„ subject to the relations 

XiXj j^XjXi 

for i < j. Then i? is a graded ring with xi, X2, . . . , a;„ in degree 1, and for each i, the powers 
of Xi form an Ore set in R. We denote loc(R, xi) by -R[Xj"^]. This is again a graded ring, and 
we write Ri for the zeroth graded piece R[x^'^]q. For each i and j, the powers of XjX^^ form 
an Ore set in Ri, and there is a canonical isomorphism 

: i?[xri]o[(x,xri)-i] ^ R[xJ%[{x,xj')-% 

since both of these rings may be identified with the zeroth graded component of the lo- 
calization of R at XiXj. In what follows, we suppress the isomorphisms ipij ^ind write 
Rij = Rji = R[x~'^]Q[{xjX^^)^^]. We also write Rijk for the zeroth graded component of 
the localization of R at the set of powers of XiXjXk- 

We see that the set of rings Ri together with the subsets Eij = {xjX^^^} satisfy all the 
hypotheses of Example 110.61 and we may therefore glue the NCSpec{Ri) together along 
NCSpec{Rij) to obtain a ringed space which we denote by X. 

We wish to study quasicoherent sheaves on X. By Example 110. 12[ a quasicoherent sheaf 
on X consists of the data 

M = i{M,},W,,}) 
where Mi is an i?j-module for each i, and 

ipij : Rij (^R^ Mi Rij Mj 

is an isomorphism of -Rjj-modules, with ipa = ipijipji = id for all i,j, and ^Pjk^ij = fik as 
morphisms Rijk Mi Rijk ^ij^ Mk, for all i,j,k. A morphism / : {{Mi}, {(fij}) 
({Mj'}, {iPij}) of quasicoherent sheaves consists of an /2j-module map fi'.Mi^ M^ for each 
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i, with the property that the following diagram commutes for all i and j, where the vertical 
maps are those induced by /. 

Rij Mi Rij Mj 

Rij M[ Ri, Mj 

By |MR87i 2.1.16(ii)], Rij is a flat right and left Ri- and i?j-module for all Therefore, 
the category Qcoh(X) is abelian. We wish to relate Qcoh(X) to graded left -R-modules, 
by copying arguments due to Serre from algebraic geometry. We follow very closely the 
exposition in |Vak07l Class 30]. 

Let R — GrMod denote the category of Z-graded left -R-modules and graded maps. First, 
we need to construct a functor R — GrMod Qcoh(X). Let M = M„ be a graded 

left i?-module. We define a quasicoherent sheaf M = ({Mj}, {^Pij}) on X by 

M, = {R[xr^] ^R M)o, 

the zeroth graded component of the graded left i?-module -R[a;^^] ®i? M. We define Lpij : 
Rij (g)R^ Mi Rij Ok^. Mj by 

(fijia ® r_fc (g) nik) = ar_kx] ® ® nik 

where G M^, r„fc G R[xl'^]-k and a G Rij. Then ipij is a well-defined i?jj-module 
isomorphism and the axioms for a quasicoherent sheaf are satisfied. Furthermore, M i— >■ M 
is an exact functor R — GrMod Qcoh(X) (exactness follows from the flatness of 
over R). 

Now suppose Ad = ({Mj}, {^ij}) is a quasicoherent sheaf on X. Let R[x^^]n denote the 
^th gj-aded piece of the graded -R-module -R[Xj"^]. We define another quasicoherent sheaf 
M[n] = i{M[n],},{if,,[n]})hY 

M[n], = R[x-%®R^ Mi 

which is a left i?j-module, and we define ^ij[n\ as follows. We may identify Rij ®r^ R[x~'^]n 
with R[xY'^ , xj'^]n via multiplication, and so we need to define an isomorphism 

^Pij[n] : R[xr\xj\ ®r^ Mi R[xr\xj\ Mj 
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for each i and j. For r G R[x~^, x~^]n and all m E Mi, we set (fij [n] [r^m] = x^ipij{x~"'r®m). 
To show that Ai[n\ is a quasicoherent sheaf, we first check that V^jj[?^] is a map of Rij- 
modules. This is clear because ipij is a map of i?ij-modules and therefore x'^ipij{x^'^r ®m) = 
ripij{l (g) m). 

Since (^ij is an i?jj-module map, the identity y9jj[n]y9jj [ra] = (pii[n\ = id holds for all i 
and j, and also ipji:[n]ipij[n] = ipik[n] as maps of i?jjfc^modules, for all i,j,k. So Ai[n] is a 
quasicoherent sheaf. 

We can make Ai ^A[n] into a functor by setting, for / : ^ Af, f[n]i = x^/x^"" : 
M[n], ^ J\f[n]i. 

For a quasicoherent sheaf AA, we define 

r(^) = 0r(x,^M) 

which is a graded -R-module. 

Now let M = ({Mi}, {(pij}) be a quasicoherent sheaf on X. We show that T{M) = M. 
It suffices to show this on each Xi in the open cover of X, so it suffices to give compatible 
isomorphisms fi : T{AA)- Mj. By definition, 

f{M\= (R[x7^]^n^r{X,M[n])\ = i?[xri]^. ®^ r(X, A<[-j]). 

For a m E R[x~^]j 0r T{X, AA[—j]), we define fi{a ® m) = a ■ m|xi- This defines a map 
of -Rj-modules r(A1). — s> Mj. To show that this map is surjective, let m E Mj. For > 0, 
iPij[N]{xf ®m)= xf{pij{l (8> m) G xfRij ^ji. Mj. It follows that for large enough, xfm 
is the restriction to Xi of a global section s of A^[A^]. Then f{xj^ ® s) = m and so /j is 
surjective. To show that /« is injective, suppose ak®mk E ker(/j). Then ak-'fnklxi = 0. 
Choose large enough so that xfak E R for all k. Let u = J2ki^f^k)^k, a global section 
of M[N]. Then for all j, G Mj maps to in Rij Mj. By |MR87l 2.1.17], there 
exists A^i G N with = G for all j. Therefore, xf^w G r(X, A<[iV + A^i]) is the 

zero section. Then Yl,k ak^mk = x~^^~^ x^^^^ ak ®mk = x~^^^^ ® Yl,k (^k^k = 

= 0. Therefore, fi is the required isomorphism of -Rj-modules r{Ai)- Mi. 
The fi agree on Xi fl and so we obtain an isomorphism of sheaves r(A^) Ai. 
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Next, we show that if M G -R — GrMod then there is a natural map M — ^ T{M). We 
need to define a map M„ T{X^ M[n\) for each n G Z. On Xj, M[n] corresponds to the 
i?j-module R[x^^]n Cg)_R. {R[x1^] ®r M)q. For m G M„, we define m-j := x" a;^"" ® m E 
R[x'^^]n {R\x^^] ®R M)q. Then Lpij[n\{mi) = nij for all i and j, so the rrii glue together 
to give a global section m of M[n]. Then m \-^rn defines a map '■ M ^ r(M) of graded 
i?-modules. These maps are natural, meaning that they define a natural transformation 
id^ToD oi functors R - GrMod ^ R- GrMod. 

Now we define a subcategory R — Tors of i? — GrMod to be the full subcategory of those 
objects M such that for all m G M there exists N E N such that -R^m = for all d > N. 
Note that if M G i? — GrMod then ker(7jv/) and cok(77v/) belong to R — Tors. Note also that 
if M e R- Tors then M = 0. 

Now recall (see for example |PP79j ) that the quotient category ^j^^r^s*^ is defined by the 
following universal property: 

'^"^^^"'^ is an additive category and there exists an additive functor Q : R — GrMod — > 
^fi-Tors'^ such that Q{a) is an isomorphism for every arrow a with ker(a), cok(a) E R — Tors, 
and furthermore if C is an additive category and F : R — GrMod — C is an additive functor 



such that F{a) is an isomorphism for all a with ker(a), cok(a) G i? — Tors, then there exists 

:-GrMoc 
fi-Tors 



a unique additive functor G : '^„3r^°'^ ~^ ^ such that the following diagram commutes. 



/?-GrMod 




We claim that the functor Q : R — GrMod — > Qcoh(X) defined by Q{M) = M satisfies this 
universal property. Indeed, if F : R — GrMod — C is an additive functor such that F{a) is 
an isomorphism for all a with ker(a), cok(a) G i? — Tors, we may define G{Ai) = F{r{Ai)), 
and then for M G i? - GrMod, G(M) = F{T{M)) ^ F{M). After checking the appropriate 
naturality conditions, the following proposition can be obtained. 

Proposition 10.14. The category Qcoh(X) is equivalent to ■ 

40 



Proposition 110.141 is interesting because there is a philosophy due to Artin and Zhang 
[AZ94] of regarding the category over a graded ring R as the category of quasico- 

herent sheaves on some space Proj(-R) associated to without necessarily assuming that 
such a space exists. Proposition 110.141 shows that, in the given example, ^^^^Tors'^ vciay be 
identified with a category of sheaves on a ringed space which is an analogue of the usual 
commutative Proj. 

11. Conclusion and questions 

In Section [TOl we have begun to attempt to generalize commutative algebraic geometry 
to the spaces A^CSpec(-R). This is an interesting project, and we hope to return to it in 
future work. However, it may be that the spaces A^CSpec(i?) are not suitable for doing 
geometry. In Example 19.41 and Proposition 18.81 we see that A^CSpec(i?) has more points 
than we probably really want. This is not surprising, because what we have really done is to 
construct a poset which we want to be the lattice of open subsets of a topological space (a 
locale), and then we have added points in an abstract way in order to make it into a space. 
It may be that a more profitable direction of research would be to look for spaces for which 
Theorem 17.41 holds, but which are smaller than A^CSpec(-R) and therefore more manageable. 
It may even be that there is a way to describe topologically a subspace of A^CSpec(-R) which 
corresponds to Spec(-R) in the case when R is commutative. 

Another interesting question is to study whether the construction A^CSpec(i?) is related 
to the many other versions of noncommutative affine scheme which have been invented, some 
of which have had successful applications in representation theory. We discuss a few of these 
below, but there are many more which we do not mention. See for example |Sko06 for a 
survey. 

We mention in particular the schematic algebras defined by Van Oystaeyen in |VO00j . 
and the noncommutative schemes defined by Rosenberg |Ros95j . |Ros98j . and Kontsevich- 
Rosenberg |KR00j . We mention these notions in particular because [VOOOt Theorem 2.1.5] 
is a much more general version of Proposition 110. 14[ and the main theorem of |Ros98t 
Section 4.2] resembles Theorem 17.71 Our A^CSpec(i?) may also be related to a construction 
which appears in unpublished work of Schofield and which is mentioned in |Sch85[ Chapter 
7]. Other constructions which resemble ours to some extent include those of |Ros90j and 
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[Coh72j ■ Our construction differs from many of these in two ways. First, it is less algebraic 
and requires only the notion of abstract localization to construct, and second, we are able to 
prove Theorem 17.41 However, our A^CSpec suffers from many of the same problems as earlier 
constructions. In particular, it seems to be very difficult to calculate explicit examples. 
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